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INTRODUCTION

Let X be a nonempty set. A mapping d: X x X — R™ is called a vector-valued metric on X if the following
properties are satisfied:

(D) d(x, y) 2 0 for each X, y € X;ifd(x,y) =0, thenx =y;
(2) d(x, y) = d(y, x) foreach x, y € X;
(3) d(x, y) < d(x, z) +d(z, y) foreach x,y, z € X.

A set X equipped with a vector-valued metric d is called a generalized metric space and denoted by (X, d). By
Mm,m(R*) we mean that the set of all mxm matrices with positive elements. We denote by 0 the zero matrix, and
by | the identity mxm matrix. Let A € Mmm(R*), A is said to be convergent to zero if and only if A" —>0asn —2>%®
(for more details see [7]).

Leta’ﬂ ERM X =(Oy &y ..., an),ﬂ=(ﬂ1,ﬂz,---,ﬂn),andce R.Byagﬁ(resp.a<ﬂ)we

mean that aisﬁi (resp. &< ’Bi) for each 1= Sm, and by ¢ < c (resp. &<c)for1l Si<m.
Notice that for the proof of the main results, we need the following equivalent statements

(1) A is convergent towards zero;

(2)A"—0asn —>%;

(3) The eigenvalues of A are in the open uint disc, that is, |/1 | <1, for each A€ ¢ with det(A- A )=0;

(4) The matrix | = A is nonsingular and

(I=A1=1+A+- - - +A" +...;

(5) Ang —”0and gA" —>0asn —>®, foreachq € R™.

Where the proof of the above statements are the classical results in matrix analysis (for more details see [1], [5], and

(6])-

Definition 1.1

(3). Let (X, S) be a partially ordered set and F : X x X — X. Mapping F is said to be has the mixed monotone
property if F(X, y) is monotone non decreasing in x and is monotone non increasing in y, that is, for every x, y € X,

(i) for each x1, x2 € X, if x1< Xz, then F(x1, y) S F(x2, y);

(ii) for each y1, y2 € X, if y1< y2, then F(xa, y) 2 F(x, y).
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Let (X, S) be a partially ordered set and d be a metric on X such that (X, d) is a complete metric space. The
product space X x X is endowed with the following partial order:

for (x, ), (U, v) € X x X, uv) Sy < x2uySv

Definition 1.2 ([3]). Let (X, <) be a partially ordered set and F : X x X — X. An element (x, y) € X x X is said to be
a coupled fixed point of the mapping F, if F(x, y) = x and F(y, x) = y.
Gnana Bhaskar and Lakshmikantham in [3], proved the following important Theorem:

Theorem 1.3. [3, Theorem 2.1]Let (X, S) be a partially ordered set and suppose that there exists a metric d on

X such that (X, d) is a complete metric space. Let F : X x X — X be a continuous mapping having the mixed
monotone property on X. Assume that there exists a k € [0, 1) with

AF (), FU )< S [d(x,Y).d (3,1}

forallx = uandy < v. If there exist two elements Xo, yo € X with

% <F(Y) ad Y, =F(x,Y,)

Then there exist x, y € X such that

X =F(x, y) and y = F(y, X).

Definition 1.4. An element (x,y) € X x X is called

(1) a coupled coincidence point of mappings F : X x X — X and g : X — X if g(x) = F(x, y) and g(y) = F(y, x), and
(gx, gy) is called a coupled point of coincidence.

(2) a common coupled fixed point of mappings F: X x X —> X and g : X — X if x = g(x) = F(x, y) and y = g(y) = F(y,
X).

Definition 1.5

(Let (X, S) be a partially ordered setand F : X x X — X and g : X — X be two self mappings. F has the mixed
g-monotone property if F is monotone g-non-decreasing in its first argument and is monotone g-non-increasing in its

second argument, that is, if for all x1, X2 € X, gx1 < gxz implies F(x1, y) < F(xz, y) forany y € X, and for all y1, y2€
X, gylZ gy2 implies F(x, y1) < F(x, y2) forany x € X.

Definition 1.6
Let X be a non-empty set. We say that the mappings F : X xX — X and g : X — X are commutative if g(F(x,
y)) = F(gx, gy), forallx,y € X.

2. Main Results
Theorem 2.1

Let (X, S) be partial ordered Banach space, and F : XxX — X and g : X — X . and F mapping having the

mixed g— monotone property on X. Assume that there exists A € Mmxm(R+),A # | be a nonzero matrix converging
to zero whit:

(2.1) IF(x, y) = F(u, v)II < Alllgx = gull + [lgy - gvlll,
forall x,y, u,v € Xforwhich g(x) < g(u) and g(v) < g(y). Suppose that F(X x X) < g(X), g is sequentially continuous
and commutes with F and also suppose either F is continuous or X has the following property:

() if a non-decreasing {xn} — x, then xn < x, forall n.
(1) if a non-decreasing {yn} —vy, theny < yn, for all n.

If there exist xo, yo € X such that g(xo) < F(Xo, o) and g(yo) = F(yo, Xo). Then, there exists x, y € X such that
g(x) = F(x, y) and g(y) = F(y, x), that is, F and g have coupled coincidence.

Proof. Let xo, Yo € X with g(xo) < F(Xo, Yo) = x1 and g(y0) < F(yo, Xo0) = g(x1). Suppose that g(x2) = F(xz, y1) and
g(y2) = F(y1, x1). Continuing this process, we have g(xn+1) = F(Xn, yn) and F(yn, Xn) = g(xn+1) for all n = 0. Thus g(Xn)
< g(Xn+1, and g(yn+1). Therefore the g-monotone property of F implies
g(Xn1) = F(Xn, Yn) = F(Xn, Yn), and F(yn, Xn) = g(yn+1).

Thus F(Xne1, Yn) S F(Xnet, Ynet) = g(Xne2), 9(Yne2) = F(Ynet, Xne1) S F(Ynet, Xn).
Then we have g(xn+1) < g(Xn+2) and g(yn+2) < g(yn+1). Therefore
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g(xo) Sg(x1) < gxa) < - - Sg(xn) S glxnea) _
and

g(yo) < gy2) < g(y2) S - - = g(yn) < glyne) = -
We show that sequences {g(xn)} and {g(yn)} are Cauchy
llg(xn) = g(Xn+2)l| = [[F(Xn-1, yn-1) = F(xn, yn)]|

ggﬂ (%2 — (%) +9(Yss) — 9 (y,)]]

<2 llo, 2~ 904+ 19 ) - 903,

IN

(22) <2l - 90+ |9 030) - 905,
Similarly
”g(yn) - g(yn+1)|| = ”F(yn—l’ Xn—l) -F (yn7 Xn)”

< Allg(yss = 90y + o, ) = g (x,)]

<A U|g(xn_1 ~ (%) +9(¥ss) — 9 (y,)]]

s7ﬂ|g(yn 2= 9o +9(%, )~ 9%,

<.

An
(23 < llovs 90l +l90x) g
Together with (2.2) and (2.3) we have

l90%) ~ 9(%. )]+ [9(Y) ~ 9 (V)] < A" || 9 (x*) — 9 ()] + [9(¥o) — 9 (¥

For n > m, we have
llg(xn) = g(xm)I| + llg(yn) = g(ym)l|
< Nlgxn) = gGa-n)ll + 11g(¥n) = Gyl + .. + [Ig(xm) = g(xmea)]|
+19(xm) = g(xm+2)|[ + [Ig(ym) = g(ym+1)|
S (A + A2+ AMlg(x0) = g(xa)ll + llg(yo) = g(yn)Il]
(2.4) < A" (1= A)llg(xo) = g(xa)ll + llg(yo) = g(yn)Il-
Thus sequences {g(xn)} and {g(yn)} are Cauchy.
Since X is Banach algebra then these sequence are convergence. Thus there exists x, y € X such that

lim g(x,) =x,andlim g(y,) =y

By continuity of g, lim == g(g(xn+1) = g(x) and lim "> g(g(yn+1) = g(y), and by commutativity of F and g, we have

9(g(xn+1) = g(F(Xn, yn)) = F(g(xn), 9(yn)),
and

9(g(yn+1)) = g(F(yn, Xn)) = F(g(¥n), g(Xn)).
Now we show that F(X, y) = g(x) and F(y, x) = g(y).

Frits case
Let F be continuous.

9(x) = lim g(g(x,..))=lim F(g(x,, 9(y,)) = F(lim g(x,),m g(y,))=F(x,y),
and
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g(x) =1im g(g(x,,,)) = Im F(g(x,, g(y,))=F(lim g(x,),Im g(y,))=F(x,y),

Second case: Now, suppose that (1) and (II) hold. Since g(xn) — x and g(y») —y, then by (1) and (II), g(x») < x and
y < g(yn) for all n. Thus
909 = Fox, WIS Nlg(x) = g(@xnsn))ll + [19(g(xne2)) = F(x, y)l|

= 119(x) = g(g(xns2))[| + |IF(g(xn), g(yn)) = F(x, V)|
A

25) < llgx) - g@xe)ll + 2 [llg(gtxn)) = gOll + llg(glyn) - g(y)lll-
Hence, take the limit of both sides as n — 1, we have [|g(x)-F(x, y)|| < 0. Thus g(x) = F(x, y) and similarly g(y) =
F(y, x).

Theorem 2.2

Under the hypothesis of Theorem 2.1, suppose that for every (X, y), (X, ¥) €X x X,
there exists a couple (u, v) € X x X such that (F(u, v), F(v, u)) and (F(x', y"), F(y', X")). Then F and g have a unique
couple common fixed point, in other word, there exists a unique (x, y) € X x X such that x = g(x) = F(x, y), and y =
g(y) = F(y, x).

Proof. Existence of the set of coupled coincidence points is due to theorem 2.1. Let (x, y), (X', y) € XxX,
be the coupled coincidence points, that is g(x) = F(x, y), g(y) = F(y, x) and g(x’) = F(X, ¥), F(y, X) = g(y'). By
assumption, there is a couple (u, v) € X x X such that (F(u, v), F(v, u)) is comparable to (F(x, y), F(y, X)) and (F(x',
y"), F(y', x")). Set uo = u, vo = v and choose us, vi € X with g(u1) =
F(uo, Vo), g(v1) = F(Vo, Uo).

Similar to the proof of theorem 2.1, we construct the sequences {g(un)} and {g(vn)} in the way that g(Xn+1 = F(un,
Vn), 9(Vn+1 = F(vn, Un). Similarly we can construct the the sequences {g(xn)}, {g(yn)}, {g(x'n)} and {g(y'n )}:

Xo =X = g(Xn+1) = F(Xn, Yn),

Yo=Y = g(yn+1) = F(yn, Xn),
and

ylo = y|:>g(yln+l) = F(yln 1 X'n )

Since (9(x), 9(y)) = (F(x, ¥), F(y, X)) = (9(x1), 9(y1)) and (F(u, v), F(v, u)) = (g(us), g(v1)) are comparable, then g(x)
< g(u1) and g(vi) < g(y). Similarly (g(x), g(y)) and (g(u1), g(v1)) are comparable, that is g(x) < g(un) and g(vn) <
a(y), forn 21,

A

IIQSjX) - g(u)ll = 1IF(x, y) = F(un, vo)ll < 2 [llg(x) = g(unll + lig(y) = g(valll
an

|90~ 8 )] =[F (330~ F (v = S lla ) - 9] +fo 9 - 9w,
Which imply that

llg(x) = g(unsa)ll + llg(y) = g(vaen)ll S Alllg(x) = g(un)l| + llg(y) = g(va)l[l-
Thus

llg(x) = g(uns)l| + llg(y) = gluns2)ll S AMllg(x) = g(ua)ll + llg(y) = g(va)ll].

Ifn —>° then A"~ 0, then [l9(x) = g(un+1)|| + [|9(y) — g(vn+1)]| — O. Therefore
lim|g(x) - g(u,..)| =0.andlim|g(y) - g(u,..)| =0

Similarly

im|g(x) — g(u,.)| =0.andiim|a(y) - g, =0

Thus

llg(x) = g0 S lg(x) = glunsa)]| + [lg(uns1) = g(x)|| —> 0 as n —>®,

llg) = gyl < 1lg(y) = g(vaa)ll + [lg(vea) = g(y)l| —>0asn —>,
Therefore g(x) = g(x') and g(y) = g(y'). By of commutativity of F and g with g(x) = F(x, y) and g(y) = F(y, X), we get
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g(g(x)) = g(F(x, y)) = F(a(x), 9(¥)),
and

g(a(y)) = 9(F(y, x)) = F(g(y), 9(x)).
By letting t = g(x) and s = g(y), then g(t) = F(t, s) and g(s) = F(s, t). This means that (t, s) is coupled coincidence
point, also g(x) = g(t) and g(y) = g(s), wheret=x"and s =y'.
Since t = g(x) and s = g(y), then g(t) =t and g(s) = s. So (t, s) is coupled common fixed point of F and g.
Unigueness, follows form g(x) = g(x") and g(y) = g(y"). Indeed, for another coupled common fixed point (" t, " s) of
Fandg,then t=g(t)=g(t)=tand s=9g( s)=9(s) =s.
We now present some results in C*-algebras.

Theorem 2.3
Let A be a unital C*-algebra and let F : Q wnS AXADQ, be a holomorphic map that satisfies the conditions
oF oF o2 f 0% f 0% f
~ A, 7 2
FO,00=0, X (0. 0)=ida, Y (0,0)=0, OX* (0,020, Y (0,00=0, and YX (0,0)=0. Then every (a, b) €

Qpand (AxA) is a coupled fixed point for F. Furthermore (a*, b*) is a coupled fixed point of F.
Proof. Since every unital C*-algebra is semisimple ([8, Corollary 3.2.13]), so by Theorem 3.1 of [9], every (a, b)

SN

Z(A x A) is a coupled fixed point for F. Now, suppose x =(a, b),y=(a', b") € AxA.

Since ||x|| = [|IX||, therefore if x €Qpa N e then x* € Qpa O ZAxA. As well as, (X" y)" = y' x = xy" = (yx')" that is
XY = yx'.
Theorem 2.4

Let A be a unital C™-algebra, let F :QAxA < AX A_)QA, and letg: Q- QAsuch that F has the mixed g-
monotone property. Assume g is biholomorphic function from Q, into Q, such that g(0) = 0 and g'(0) = ida. Then
g is *-preserving on Q,NZ,
Proof. Let x €Q,NZ, ,by theorem (2.3) x* €Q,NZ, and theorem of [10], g(QA ara )= Q,NZ, we have

g(x?) =x"=g(x)".
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